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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

(A, Z) e

p’f\ q ~ Pi—Df We’re interested in computing the rate of
Coulomb 90 ~ 0 u- — e~ conversion (I'(4 — e)) encoded
\ experimentally as the capture ratio

CLFV

CR(4 — ¢) = I'u"+A,2) > e +(A, 7))
Coulomb I'(u—+A,Z2) — v, + (A, Z—1))
Di
(A, Z) W©
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

Bound (1s) y~ converts to a free ¢~ with energy

(A7 Z) : qz
) E,=m,— E) — ~m,
P q~ Pi—Df 2M
qo ~ 0 . . .
Coulomb ’ both of which are described by solutions of the
\ Dirac equation
CLFV I
l—ia YV +pi+ V)| w = Ey
Coulomb with radial and angular parts factorizing
pi i G ()/r- QL (7
_ Ww(r) = ,
A, Z - £ n
(A, Z) iF (r)/r - 825, (7)
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

G ()/r- Q7

(A7 Z) e r) = .
Coulomb 70 ~ 0 The transition amplitude 1s just the overlap
‘\ welghted by the CLFV i1interaction at each point
CLFV in space. For an elastic transition stemming

from a local interaction (heavy NP) the
amplitude 1s generically

Coulomb

~ A
pi M = Z Jd3r W(7) Oy, (F) (g.5.|OND) 6(F —T)|g.5.).
(A, Z) i=1
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

(f4r23 e
p}\\ q~ Pi—Df
Coulomb qu\fO

\

CLFV

Coulomb
pi
(A,Z2) H

For a scalar-scalar interaction (O, =1, Oy = 1y)

the o-function collapses the spatial integral
A
Moy < (2.5.1 ) WFIw(F)]g.s.).
=1

The muons effective size is 4, ~a, = 20fm > R =~ 3fm

such that (neglecting the lower component

|FIG| ~ v, ~Zal2 =0.05) y,(r) ~ G¥(r)/r remains ~

constant

A
ﬂcohocgblasvgx(g.s.|Zl/7€(?i)\g.s.).
i=1
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

teraction (O, = 1), Oy = 1y)

0.025

(A, Z) . es the spatial integral
i 7<= A
~ 0.015} - (2 =
Py 1) wFw () lg.s.).
Coulomb ‘ 0-010; i=1
0.005¢ ze is A4, ~a, =~ 20fm > R =~ 3fm
0.000 the lower component
- O 2 4§ ¢ 5) 1//”(;”) ~ Gf”l)(r)/r remains =
2208.07945
? A
AZ) B _ S
(4,2) %Cohocgblasvgx(g.s.|Zl//e(ri)\g.s.).
=1
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

A
) %Cohcxgbavgx(g.s.|Zl/7€(?i)\g.s.).

(A7 Z) e
p'f\ ¢~ pi—Pf Rewriting in terms of the nuclear density py
Coulomb 40 ™~ 0 ave (e)
\ Moo & P =X | drrGEpp(r).
CLFV ° ° ° —
For a spin-dependent interaction(0Oy =oy), a
similar chain of reasoning gives
Coulomb A
2 M < PEX (2 5. | Y GNDPF) | g.5.)
(A, Z) =
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

) L o My < PEX (5| ) SN DPLF) | g.s.)
p q ~ Pi—Pf P Is
/ G0 ~ 0 i=1
(bmmm"\ Paired nucleons contribute with opposite signs (no
ey coherent enhancement). Multiple multipoles J and
electron partial waves k contribute, each requiring
R a separate numerical radial integral
pi M i & P F X Z Z C. JJdrrGée)(r) F(r).
(A, Z) » /oK
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

If the electron 1s approximated as a free plane

A, Z e wave, the partial wave expansion can be re-summed
?
S S £ /n
ﬁf\ qu(’;_pf Z GK(F)/F Q]m(r) GK:Q"’jf(qr)) Ee ( 5 )eiZ]’.7
u 9o ~ y C' o ~ . A )
e\ ~ \ iF(N/r QL) \2m \6-4¢
CLEV Coulomb distortion ruins this resummation unless a
special g is chosen
2
Goulormb » o bmd 5w o LA p(n)Ve)
. Aotr = (mﬂ Eﬂ Voo, Ve =
pi | drr2p(r)
(A, Z2) » giving solutions with 1-5% accuracy.
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

G Cosomy i - B a free plane
— — G Free Dirac geff ]
an be re-summed

NG G Free Dirac TN |
—> G Coulomb Dirac | E 5
— — G Free Dirac ‘
p f | ! Teft F Free Dirac ‘ e
F Coulomb Dirac \ ‘ e °

F Free Dirac — — F Free Dirac geff

) . —_ A
Coulomb | | F Coulomb Dirac \‘> ) 2m€ 6 J q 5

— — F Free Dirac geff

. ~
G Free Dirac

G Coulomb Dirac F Coulomb Dirac

F Free Dirac S mmation unless a

- N — — F Free Dira¢
.. = — G Free Dirac geff | ‘Ieff/ /

: G Free Dirac
= G Coulomb Dirac
— — G-Free Dirac geff

COU|Omb F Free Dirac
' F Coulomb Dirac

fdrrzp(r) V(1)

. 12208.07945 [drr2p(r)

r (fm)
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

G Free Dirac
G Coulomb Dirac
— — G Free Dirac qeff

F Free Dirac

COU lomb | F Coulomb Dirac

— — F Free Dirac qeff

G Free Dirac
G Coulomb Dirac
— — G Free Dirac geff F Free Dirac '\
F Coulomb Dirac ™

— — F Free Dirac geff ~

s a free plane
an be re-summed

Ee 5 iZj-?

o e'd’’,
2m, \o-q¢&

— T —

‘ G Free Dirac
“<— G Coulomb Dirac N~
— —.G Free Dirac qgeff

Coulomb 5| F Free Dirac

F Coulomb Dirac
— =— F Free Dirac geff

pi
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-
F Free Dirac ‘ -
F Coulomb Dirac /
— =— F Free Dirac qgﬁ"/ 7 .
' "G.Free Dirac
G Cbulo_mb Dirac

— — G Free Dirac-geff

2208.07945
1 2 3r(fm)4
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mmation unless a

fdrrzp(r) V(1)
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

G Free Dirac
G Coulomb Dirac

~ — GFree Dirac geff | ) | S d free plane

DO

an be re-summed

‘ ' G Free Dirac |
== , e G Coulomb Dirac A\ ‘ ‘ N\
ﬁf | — = G Free Dirac qeff \\ E 5 oo
: | e 1qg-r
) \
]_j m=1(£:0j:%) \ | N A eq °
| F Free Dirac "> F Free Dirac 2
COUlomb N\ | F Coulomb Dirac™ F Coulomb Dirac a me 6 * q 5
91— — FFree Dirac geff , — — F Free Dirac geff
2' — — F Free Dirac gl ' |
. F Coulomb Dirac _ .
i_ — F Free Dirac qeff7 mmatlon unleSS a
1 G.Free Dirac | , | |
G Coulomb Dirac | |
.= = G Free Dirac geff | P . |
| G Free Dirac |
, \ e G Coulomb Dirac 3 2
Coulomb ) | — = G Free Dirac geff | drr p(r) VC(r)

F Free Dirac

F Coulomb Dirac

ﬁi — — F Free Dirac qeff l k=2¢=0j=3) dW,.Z a
* 22@8 07945 W Jdrrp(r)

(A, - | ' ¥ B R SN V.

—
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The nuclear EFT — Pauli reduction

We’re left with the following structures

(Av Z) e
Dt q ~ pi—Df eff _ L, Ce i T

0 We S A
Coulomb 9o ~ \ 2m€ O - q 56
\ CLFV l//uPPef ~ ¢3Vg 5#
H ls O

Coulomb fN

Di Yn "~ | 6Dy
(A, Z) H
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The nuclear EFT — Pauli reduction

(A, Z) e :
. _ The Dirac structures decompose as
ﬁf\ quZ_pf _ T . . - A=
. 7o ~ 0 v, Flep W, — ¢, (comblnatlons of 1,, 0y, ig UL) fﬂ
\ gy Dy wy — &) (combinations of 1y, Gy, Vy, Vy * Gy, Yy X Gy) Ex
CLFV with natural “building blocks”
1,, 6, i x 1y &y ¥y id.
~outomd lepton side nucleon side
%
(A, 2) w
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The nuclear EFT — Power counting

1, &, i X 1y 6w Ve 4.
(A7 Z) e - ~ — - — . _
S lepton side nucleon side
Py 49~ Pi—Pf L . . . .
go ~ 0 In combination with the hierarchical scales in the
Coulomb
o \ problem
\/("2) 0.21 > “a 0.05 > 1~ 0.004
vy =~ 0. v, ~— 0. vy ~ — = 0.
CLFV N 7 > T MT
we can organize the building blocks 1nto a
oulomb systematic effective theory, truncated at a given
P order in the expansion. Working through O(vy), all
(A, Z) 1

scalar combinations give 16 indpendent operators.
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The nuclear EFT — Basis

NRET

O] — ]-L 1f\l'a

Oy = 11 ig - [7v x 3],

my., mw, 17
=0y, - (Z(j X UN),
=17 Un - ON,

=71, - (i X n), 1, iq-on,

7@ ' 6L Iy, 1: 5L ' [ﬁ'j\; X EJV] )

5L ° (Z(j X [ﬁs\r X 5}\;]) . ch y 5L ﬁN y 5N,

iq-0r 14 - [Un X ON], 16 =140 1§ - UN.
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The rate

In the NRET basis {0.}, the amplitude factorizes into leptonic and

nuclear pieces

M~ pNEX Y cf ETOVE, x(g.s. | Y, O0(K) e rTi (k) | g s.)
] k

squaring and summing over lepton spins gives

Z WA Z Tr @g) @gﬁ X CTC]T* X (g.s.| @](\?e‘iqeff"’\g.s.) (g.s.| @%)e‘iqeff"’\g.s.)*

Spins o - J - / g
& (CLFV coefficients) w (nuclear response functions)

Tony Menzo (U. Alabama + Fermilab) 18 MuonBxridge tutorial



The rate

WE (Gerr) = }kmme%
T 2]N

" Giwl | @J;xqeff)\ ) = Zpa;f (al] O )(qe) | 1b)

J; 7’

p’s must be evaluated with your favorite nuclear model

L

Z WA Z Tr_@g) @gﬁ_ X clfc’ X (g.sk\ @](\’,)e"qeff"”\g.s.) (g.s.| @%)e"qeﬂ""\g.s.)*
Bt ¥(CLFV covefficien:cs) @(nuclear res?aonse functions)

spins
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The rate

After multipole decomposition of e~ and imposing P and T symmetry

of the nuclear ground state, 11 multipole families reduce to 6
allowed responses. At “leading order?”

1 q;f |
I'(p—e) = o 1+ q/My |¢1 ‘ Z[ J\[WMM(C]eff)

Z’E’W ’E’(QG ) RZ”E”I/{/ //Z//(qeﬁ)]

7"7'>l<

T _ T T %
MM = C1C1 T C11Cq71 ,

771/ T T 7/'%

SV 3 C4CM: "4 cgeq

/

(ch —cg)(ch — )"+ clocly

77!
Z// E//
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The rate

With a consistent truncation to O(vy)

9 4
Qef Zett ()] 2 T T
F(//t — e) 7— . +€‘L |d)18ﬂ (0)’ Z Z < |:R_g M ‘ ,.-*{;-‘13\1((10 )+ RZ//Z// H E”E”(q( )+ RZ'E' ‘1 Z’E’ ((1( ):|
Mt 7=0,17'=0,1 \
2
| q(’:-T rrr’ 7T HTT 7
| 77?; |:R(pu(bu “ Db P! (Qeff) RZ;’-(D’ “ (b;rd)'(Qfo) _|_ AA ‘{ Sg(qeﬁ):l
"N
N
2qeft Y ,
- S R Wnha (o) + RISy WES (aer)| ¢ 59)
: /

, , p HTT :FT~T*+(T — ¢ )(;fr* Fw)
T CTC’{ * 4 C’{lc’{l* D P 3C3 12 — C15)(C12 ‘15
MM — *1 ’ ! o~ , -

/ / / oM = Re[C%—CI " — (¢ — €5) CII*
T __ T .T T T % St ar etk ~r AT w
sy = C4Cq T C9Cq NN T

™' (T ™ (T 7\ * T 1'% Ry, = Re[&57 * + &35 *]
SN = (C4 — 06) (C4 — Cg ) =i C10C10 > I R
PP~ 12712 “13%13
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Nuclear effective theory summary

e Complete: 16 operators through O(vy) with all six nuclear response
functions, including three velocity-dependent responses.

o Consistent: systematic power counting in vy > Vv, > Vr.

o Factorized: [ ZR”’X W™ CLFV physics cleans separated from

nuclear physics. Six independent “nuclear” dials tuned by target
selection.

e Modular: nuclear structure encoded 1n p’s, 1n principle swappable.
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Nuclear effective theory summary

e Complete: 16 operators through O(vy) with all six nuclear response

IﬂcxlwiapifVV

UV physics
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Nuclear effective theory summary

e Complete: 16 operators through O(vy) with all six nuclear response

First translate to four-spinors e.gq.

XeV“XuN'Y/,LN SRS, O
(Gl —iGx 3L) - (Tn +i—21— x &n 1O, — 05 — — 1 (04 + Op)
sz 2mN

going to higher scales, new DOFs..
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The tower

A, T, Ty

A, ~ 1Y

q~my
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The tower SMEFT

)(ffzew) (¢'¢) (Criryp).
)T ‘lgulu/7 (Elo-l«“/“ )T] nH’/l{w

(glO#V)UJR) (PBI.U/‘:
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Matching

e Only missing pilece 1s
a non-perturbative
matching between WET
and NRET

e Parameterize with
nuclear form factors

Tony Menzo (U. Alabama + Fermilab)

(N'|gv*q|N) =

(N'|gy" 59| N) =

(N'|mgqq

<N’ | 777-'(1‘77:7’5(1

< 1271__ [ll/

s Ga/wGa

T/
<*N S7r L | j\7>

(N'|go*"q|N) =

<AT/| _F#I/FM,/|1\I>

<J\/rl 8 F;U/F\,”/U\ >
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Matching

e Only missing pilece 1s
a non-perturbative
matching between WET
and NRET

e Plug-and-chug to
obtain matching
expressions ..
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Matchinc

( N
5) (6) (6) (6) (6) (6) 7 7) 7 7) (7) : (7)
y Cl( | CQ,q C4,q 6.q Cb’,q Cl(),q Cé ) }1 | C(g ) Ce(s clO,q C C14,q
d non WET
A (5 5(6) 5(6) 5(6) 5(6) 5(6) 5(7) 5(7) 5(7) (7) 5(7) (7 3(7)
Cg)) (’l,q (/33(1 CB,,q 7.4 CQ,q Cl C‘d{ Cf()‘ | CQ,q C Cl&q
match
and N
e Match| |
(" ~
A \ N N N N A\ N N 4 N N N N .
o o &g g c g o o (& cp ey @y o oy €16 NRET
. N e /
- — A
‘ . Response functions
TT, T‘TI RTT’ TT,
\ MAT SIS SIS P! P )
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MuonBridge _piq_

M.ON BRIDGe

e Three components:
¢ Elastic (one-body density

M.z, W ., My, T wilson

matrices, p’s)

¢ Mu2e NRET (computes
conversion rate)

¢ MuonConverter (matches
WET to NRET and

DsixTools

1y, :
Y
A
m, i

Ay ~ 1 GeV I MuonBridge

r Elasticl

facilitates interface fom, | MuOBCOVETSET e NRET
[ ) [ ) ([ ] i

with existing EFT l D(i — e)

software)
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Conversion in the field of a nucleus (A,Z2)u — (A,Z)e”

“Fourier trick”

A, Z N . :
( ) ‘ The leptonic and nuclear pieces can be “separated”
pf\ 3Np8_pf by inserting a o-function and Fourier transforming
Coulomb 0™ 3
d o — o
\ M X 1 d3xe’q'xl/7 O, | X l(g.s. | @N(i)e_lq"”i\g.s.)] .
(27)3 ©PTH
CLFV
| Expanding 1n spherical harmonics
o0 L
oulom q-X I ~ ~
s et =dx Yy Y itji(qx) YE (@) YipB)
pi | L=0 M=—L
(A, Z) K1 gives a multipole expansion.
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