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The menu
1. Appetizer 
‣ Stochastic analysis lore 
‣ Toy model: Brownian motion + constraints 
‣ Hadronization 
2. Three main courses 
‣ Hadronization as a diffusion process 
‣ Factorization and effective hadronization models 
‣ Markovian restoration via Doob -transform 
3. Dessert: Future prospects and conclusions 
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Stochastic analysis is a technology for extracting deterministic 
statements from stochastic systems.

The system ingredients: 

• State  — a variable 
describing the system (e.g. 
position) 
• Evolution parameter  — an 
ordering parameter (e.g. 
time) 
• Transition kernel  — how 
the state updates, with some 
stochastic component

S

t

𝒦



Tony Menzo (U. Alabama + Fermilab) Conservation laws and effective hadronization models

Stochastic analysis lore

4

Sn+1 = Sn + Δtξn

ξn ∼ 𝒩(0,1)

Brownian motion (pure diffusion):

⟨S⟩ = 0, Var(S) = nΔt

Stochastic analysis is a technology for extracting deterministic 
statements from stochastic systems.
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Arithmetic Brownian motion 
(drift + diffusion):

Sn+1 = Sn + μΔt + σ Δtξn

⟨S⟩ = S0 + μnΔt, Var(S) = σ2nΔt

Stochastic analysis is a technology for extracting deterministic 
statements from stochastic systems.
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Arithmetic Brownian motion 
(drift + diffusion):

ΔS ≡ Sn+1 − Sn

⟨ΔS⟩ = μΔt, ⟨(ΔS)2⟩ = σ2Δt

Consider a single step and 
its moments:

⟨(ΔS)k⟩ = ck (Δt)k/2

Sn+1 = Sn + μΔt + σ Δtξn

Stochastic analysis is a technology for extracting deterministic 
statements from stochastic systems.
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Arithmetic Brownian motion 
(drift + diffusion):

For  the first two 
moments dominate the dynamics 
and a continuum description 

emerges

Δt → 0

dSt = μdt + σdWt

Sn+1 = Sn + μΔt + σ Δtξn

SDE:

Stochastic analysis is a technology for extracting deterministic 
statements from stochastic systems.
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Arithmetic Brownian motion (drift + diffusion):

What about the evolution of the expectation of a 
generic observable ?𝒪(S)

dS = μdt + σdW, Var(dW) = dt

⟨𝒪(S + dS)⟩ = ⟨𝒪(S) + 𝒪′￼(S) dS +
1
2

𝒪′￼′￼(S) dS2 + ⋯⟩

Stochastic analysis is a technology for extracting deterministic 
statements from stochastic systems.

d
dt

⟨𝒪⟩ = ⟨μ𝒪′￼+
1
2

σ2𝒪′￼′￼⟩ ≡ ⟨ℒ𝒪⟩
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• The generator 
 describes 

the leading deterministic 
dynamics

ℒ ≡ μ∂S +
1
2

σ2∂2
S

Stochastic analysis is a technology for extracting deterministic 
statements from stochastic systems.

d
dt

⟨𝒪(S)⟩ = ⟨ℒ𝒪⟩
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• The generator 
 describes 

the leading deterministic 
dynamics

ℒ ≡ μ∂S +
1
2

σ2∂2
S

Stochastic analysis is a technology for extracting deterministic 
statements from stochastic systems.

d
dt

⟨𝒪(S)⟩ = ⟨ℒ𝒪⟩

d
dt

⟨𝒪⟩ = ⟨i[ℋ, 𝒪]⟩

Heisenberg picture in QM:

The generator  is the 
equivalent of the Hamiltonian 
of the stochastic system!

ℒ
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Now consider the same 
arithmetic Brownian motion 
but with the additional 
requirement that 
trajectories must now land 
in region  @ t=T.ℛ ∈ [α, β]
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Now consider the same 
arithmetic Brownian motion 
but with the additional 
requirement that 
trajectories must now land 
in region  @ t=T.ℛ ∈ [α, β]

A natural question: given 
that I’m at an arbitrary 
state (S,t), what is the 
probability of reaching 
the target ?ℛ
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The success probability

h(S, t) = Prob(success |S, t)

hN−1(S) = ∑
S′￼

K(S → S′￼)hN(S′￼)

hN−2(S) = ∑
S′￼

K(S → S′￼)hN−1(S′￼)
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The success probability

h(S, t) = Prob(success |S, t)

⟨Δh⟩ = 0

0 = ∑
S′￼

K(S → S′￼)[hn+1(S′￼) − hn(S)] ≡ ⟨Δh⟩

(∂t + ℒ) h = 0
 is known as a martingale 
observable. It is invariant under the 
stochastic dynamics.

h



Tony Menzo (U. Alabama + Fermilab) Conservation laws and effective hadronization models

Constrained brownian motion

15

∂th + μh′￼+
1
2

σ2h′￼′￼ = 0

Taking the diffusion 
limit

h(S, t) = Φ ( β − S − b(T − t)

σ T − t ) − Φ ( α − S − b(T − t)

σ T − t )
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In QM, observables which commute 
with the Hamiltonian , 
indicate a conserved charge and 
in many cases indicate a clean 
basis to work in. Martingale 
observables do the same for 
stochastic dynamics. We can 
perform a similarity transform 
on our generator

[H, Q] = 0

ℒh = h−1ℒh
an effect which can be 
absorbed into a 
renormalization of the bare 
drift  

b → b + σ2∂S ln h
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Cluster
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String
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Π+Π−

Consider a  system 
aligned along the -axis. 
The string is characterized 
by its light-cone momenta 

, and invariant 
mass .

qq̄
z

Π± ≡ E ± pz
M2 = Π+Π−
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Π+
1 = zΠ+

Π−
1 =

m2
⊥

zΠ+

Consider a  system 
aligned along the -axis. 
The string is characterized 
by its light-cone momenta 

, and invariant 
mass .

qq̄
z

Π± ≡ E ± pz
M2 = Π+Π−

One iteration: sample 
flavor and  of the string 
break (giving ) as well 
as the longitudinal light-
cone momentum fraction . 

pT
m2

⊥

z

m2
⊥
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Π+
1 = zΠ+

Π−
1 =

m2
⊥

zΠ+

One iteration: sample 
flavor and  of the string 
break (giving ) as well 
as the longitudinal light-
cone momentum fraction . 

pT
m2

⊥

z

m2
⊥

Iterate until the remaining 
string mass drops below 
some threshold , then 
call some cluster decay

Mcut

(Π− − Π−
n−1)(Π+ − Π+

n−1) < M2
cut
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Π+
2Π−

1
Π+

2Π−
2

Consider “invariant mass”  as the state 
variable 

 

M2 = Π+Π−

M′￼2 = (M2 −
m2

⊥

z )(1 − z) − p2
T
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z1Π+
1

(1 − z1)Π+
1

Π+
2 = (1 − z1)Π+

1
m2

⊥

m2
⊥

z1Π+

Π+
1 = (1 −

m⊥

zΠ+
1 Π−

1 ) Π−
1

⋯

Sample  according to joint distribution z

f(z, m2
⊥) ∝

(1 − z)a

z
e

−bm2
⊥

z
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⋯

The kernel encodes all possible ways of reaching  
from  via     

M′￼

M f(z, m2
⊥)

𝒦(M → M′￼) = ∫ dzdm2
⊥ f(z, m2

⊥)Θ(M′￼2 − (M2 − m2
⊥/z)(1 − z))
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In the limit where fragmentations occur “many” times, the 
dynamics admit a continuum description generated by    

 

where all dynamics are governed by the transport coefficients 

 

 

ℒ

ℒ ≡ μ∂M +
1
2

σ2∂2
M + ⋯

μ ≡ ⟨ΔM⟩, σ2 = ⟨(ΔM)2⟩ − μ2

ΔM = M′￼− M = M 1 − z −
m2

⊥

M2 ( 1 − z
z ) − 1
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ΔM = M′￼− MThe game: compute moments of 
Define  

 

such that 

. 

In the chiral limit  

 

with 

u ≡ z, v ≡
m2

⊥

zM2
, v ∈ [ m⋆

uM2
,1]

M′￼ = M (1 − u)(1 − v)

m⋆ ∼ mπ → 0
f(z |M) = p(u)p(v |M)

p(u) = (1 + a)(1 − u)a, p(v |M) =
bM2e−bM2v

1 − e−bM2
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ΔM = M′￼− M = M 1 − z −
m2

⊥

M2 ( 1 − z
z ) − 1The game: compute moments of 

With factorization the  and  calculation is very clean 

  

 

 

with .

μ σ2

M′￼ = M (1 − u) (1 − v)
μ(M)

M
= −

1
2 (⟨u⟩ + ⟨v⟩) +

1
4

⟨uv⟩ −
1
8 (⟨u2⟩ + ⟨v2⟩) + ⋯,

σ2(M)
M2

=
1
4 (⟨u2⟩ + ⟨v2⟩ + 2⟨uv⟩) −

1
4 (⟨u⟩ + ⟨v⟩)2

⟨uqvp⟩ = ⟨uq⟩u⟨vp⟩v
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Arbitrary moments of  and  can be computed 
exactly 

 

where .

u v

⟨up⟩ = 𝔼[up] =
p!

∏p+1
k=2 (a + k)

, ⟨vq⟩ = 𝔼[vq] =
q!

λq(1 − e−λ) [1 − e−λ
q

∑
k=0

λk

k! ]
λ ≡ bM2
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Note some interesting features of these moments: 

• All moments of  are -independent 
• For large  i.e. , the  moments are power 
suppressed 

.

⟨up⟩ = 𝔼[up] =
p!

∏p+1
k=2 (a + k)

, ⟨vq⟩ = 𝔼[vq] =
q!

λq(1 − e−λ) [1 − e−λ
q

∑
k=0

λk

k! ]
u M

λ M v

𝔼[vq] ≃
q!
λq

+ 𝒪(e−λ)
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A tower of effective models with dynamics controlled by ! 

In the large string mass limit i.e. the UV, all -moments are 
power suppressed leaving 

 

Matching power of  from the computation of  
gives  

 

The UV dynamics are scale invariant! 

M
v

μUV = c1M, σ2
UV = d1M2

M ⟨ΔM⟩ = ⟨ 1 − u − 1⟩

c1 = −
1

2a + 3
, d1 =

a + 1
(a + 2)(2a + 3)2
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A tower of effective models with dynamics controlled by ! 

At finite but still large , the -moments induce controlled 
corrections to the UV fixed point  

 

M
M v

μint = C1(λ)M, σ2
UV = D1(λ)M2
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As we get closer to the termination region, it becomes possible 
for  jumps coming from rare samples of the “tail” to push 
us directly into the success or failure regions. To capture 
these dynamics we must introduce “tail operators” 

𝒪(1)

Strongly suppressed for large M
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The effective generator ℒ
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We now have a tower of hadronization dynamics controlled 
by the string mass . For a given , the dynamics and 
observables are governed by an effective generator 

 
with 

M M

ℒeff(M) = ℒloc + ℒnonloc
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Similarly to the Brownian 
motion example, we’d like to 
understand qualitatively how 
“efficient” the algorithm is 
at obeying the constraint.

with boundary conditions
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The success probability
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Again from the example at the beginning, we know  is 
an invariant of the stochastic evolution i.e. 

. 
We are left with an ODE 

that can be solved within each EFT explicitly and 
matched across the thresholds.

h

ℒeff h = 0



Tony Menzo (U. Alabama + Fermilab) Conservation laws and effective hadronization models
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Summarizing: 

• The UV solution gives a constant value , as expected, which 
depends on the width of the success region 
• The intermediate running region also maintains a constant value 
• Near the boundary, the non-local operators induce non-trivial 
dynamics — an exponential rise from the boundary to the 
asymptotic value

h∞
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Now that we have the success probability, we can in turn 
condition the dynamics on the constraint by renormalizing 
the drift 

This can also be understood as an effective force on the 
trajectory space
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μ → μ + σ2∂M ln h(M)
ℒ → ℒh,

Positive force  
i.e. a positive 
gradient  
indicates a “slowing 
force”

F > 0

h′￼ > 0
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μ → μ + σ2∂M ln h(M)
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Much to do in the future… 
• Gluons 
• Clean(er)? data-driven extraction 
• Finite mass corrections 
• Explicit matching to cluster 
• Full-fledged implementation?

Hadronization can be reformulated as a conditioned 
stochastic process. This description admits a tower 
of effective hadronization models that can be used 
in turn to compute observables.
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Much to do in the future… 
• Gluons 
• Clean(er)? data-driven extraction 
• Finite mass corrections 
• Explicit matching to cluster 
• Full-fledged implementation?

Hadronization can be reformulated as a conditioned 
stochastic process. This description admits a tower 
of effective hadronization models that can be used 
in turn to compute observables.

Thanks for your attention :)
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