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1 BHABHA SCATTERING

1 Bhabha Scattering

Here we compute the differential cross section dσ/dΩ for Bhabha scattering (e+e− →
e+e−) in the center-of-mass frame.

p1

p2

q

p3

p4

u

v

ū
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Figure 1: [A] Shows the t-channel Feynman diagram and [B] shows the s-channel
Feynman diagram

The corresponding matrix elements are given by

Mt =

∫
d4q

(2π)4
[v̄(p2, σ2)igeγ

µv(p4, σ4)]
−igµν
q2

[ū(p3, σ3)igeγ
νu(p1, σ1)](2π)

4δ4(p1−q−p3)

(1)

=
−g2e

(p1 − p3)2
[v̄(p2, σ2)γ

µv(p4, σ4)][ū(p3, σ3)γµu(p1, σ1)] (2)

Ms =

∫
d4q

(2π)4
[ū(p3, σ3)igeγ

µv(p4, σ4)]
−igµν
q2

[v̄(p2, σ2)igeγ
νu(p1, σ1)](2π)

4δ4(p1+p2−q)

(3)

=
−g2e

(p1 + p2)2
[ū(p3, σ3)γ

µv(p4, σ4)][v̄(p2, σ2)γµu(p1, σ1)] (4)

The total amplitude is then given by

Mtot = Mt −Ms (5)

1



1 BHABHA SCATTERING

And thus,
|Mtot| = |Mt|2 + |Ms|2 −MtM†

s −MsM†
t (6)

We also want to average over initial spins and sum over final spins. Making a straight-
forward switch of notation and computing each of the terms in Eq.(6) separately

⟨|Mt|2⟩ =
g4e
t2

1

4

∑
σi=1,2

[v̄2γ
µv4][ū3γµu1][v̄4γ

νv2][ū1γνu3] for i = 1, 2, 3, 4 (7)

=
g4e
4t2

4∑
i,j,l,m=1

[γµ(/p4 −mec)γ
ν ]ij[γµ(/p1 +mec)γν ]lm

∑
σ2=1,2

[ū2u2]ji
∑

σ3=1,2

[ū3u3]ml (8)

=
g4e
4t2

4∑
i,l=1

[γµ(/p4 +mec)γ
ν(/p2 +mec]ii[γµ(/p1 +mec)γν(/p3 +mec)]ll (9)

=
g4e
4t2

Tr[γµ(/p4 +mec)γ
ν(/p2 −mec)]Tr[γµ(/p1 +mec)γν(/p3 +mec)] (10)

In the limit where pi ≫ me we can neglect the mass of the electron. Using the identity
Tr(γµγνγλγσ) = 4(gµνgλσ − gµλgνσ + gµσgνλ) and doing a very similar calculation to
the one we did in problem set three (see Eqs.[126]-[130] in PS3) we find

=
8g4e
t2

[(p1 · p2)(p4 · p3) + (p4 · p1)(p2 · p3)] (11)

The second term in Eq.(6) gives

⟨|Ms|2⟩ =
g4e
s2

1

4

∑
σi=1,2

[ū3γ
µv4][v̄2γµu1][v̄4γ

νu3][ū1γνv2] for i = 1, 2, 3, 4 (12)

=
8g4e
s2

[(p1 · p3)(p4 · p2) + (p4 · p1)(p3 · p2)] (13)

Now for the last two terms in Eq.(6),

⟨MtM∗
s⟩ =

g4e
st

1

4

∑
σi=1,2

[v̄2γ
µv4][ū3γµu1][v̄4γ

νu3][ū1γνv2] (14)

=
g4e
4st

Tr[γµ(/p4 −mec)γ
ν(/p3 +mec)γµ(/p1 +mec)γν(/p2 −mec)] (15)
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Again, following problem set three (Eqs.[141]-[145])

=
−8g4e
st

(p3 · p2)(p4 · p1) (16)

Likewise,

⟨MsM∗
t ⟩ =

g4e
st

1

4

∑
σi=1,2

[ū3γ
µv4][v̄2γµu1][v̄4γ

νv2][ū1γνu3] (17)

=
−8g4e
st

(p3 · p2)(p4 · p1) (18)

Putting it all together

⟨|Mtot|2⟩ = 8g4e

[
1

t2
[(p1 · p2)(p4 · p3) + (p4 · p1)(p2 · p3)]

+
1

s2
[(p1 · p3)(p4 · p2) + (p4 · p1)(p3 · p2)] +

2

st
(p3 · p2)(p4 · p1)

] (19)

If the electron/positron’s mass is neglected we have

t = (p1 − p3)
2 = p21 + p23 − 2p1 · p3 = −2p1 · p3 (20)

s = (p1 + p2)
2 = p21 + p22 + 2p1 · p2 = 2p1 · p2 (21)

From energy-momentum conservation p1 + p2 = p3 + p4

(p1 + p2)
2 = p21 + p22 + 2p1 · p2 = 2p1 · p2 (22)

(p3 + p4)
2 = p23 + p24 + 2p3 · p4 = 2p3 · p4 (23)

Implying that p1 · p2 = p3 · p4. It also implies p1 · p3 = p2 · p4 and p1 · p4 = p2 · p3.
This gives

⟨|Mtot|2⟩ = 8g4e

[
1

4(p1 · p3)2
[
(p1 · p2)2 + (p1 · p4)2

]
+

1

4(p1 · p2)2
[
(p1 · p3)2 + (p1 · p4)2

]
+

2

4(p1 · p3)(p1 · p2)
(p1 · p4)2

] (24)

= 2g4e

[
(p1 · p2)2

(p1 · p3)2
+

(p1 · p3)2

(p1 · p2)2
+ (p1 · p4)2

[
[(p1 · p2) + (p1 · p3)]2

(p1 · p2)2(p1 · p3)2

]]
(25)

The last term can be rewritten as(
p1 · (p2 + p3)

)2
=

(
p1 · (p1 + p4)

)2
=

(
p21 + (p1 · p4)

)2
= (p1 · p4)2 (26)
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=
2g4e

(p1 · p2)2(p1 · p3)2
[
(p1 · p2)4 + (p1 · p3)4 + (p1 · p4)4

]
(27)

In the center-of-mass frame

p1 = −p2, p3 = −p4, p1 · p3 =
E2

c2
cos θ (28)

E2

c2
= p2

1 = p2
2 = p2

3 = p2
4 (29)

p1 · p2 =
E2

c2
+ p1 · p2 = 2

E2

c2
(30)

p1 · p3 =
E2

c2
− p1 · p3 =

E2

c2
(1− cos θ) (31)

p1 · p4 =
E2

c2
+ p1 · p4 =

E2

c2
(1 + cos θ) (32)

Plugging back into Eq.[27]

=
2g4ec

8

E8(1− cos θ)2(1 + cos θ)2
E8

c8
[
16 + (1− cos θ)4 + (1− cos θ)4

]
(33)

⟨|Mtot|2⟩ = 2g4e

[
(cos(2θ) + 7)2

2 sin4 θ

]
=

[
g2e(cos(2θ) + 7)

sin2 θ

]2
(34)

The differential cross section in the center-of-mass frame is given by (see problem set
two Eq.[54])

dσ

dΩ
=

(
ℏc
8π

)2 ⟨|M|2⟩
(Ea + Eb)2

|pf |
|pi|

(35)

Thus,
dσ

dΩ
=

(
ℏc

16πE

[
g2e(cos(2θ) + 7)

sin2 θ

])2

(36)

For electron-muon scattering the calculation is essentially the same with on an s-
channel diagram to analyze, thus, I quote my derived result in the limit where the
masses of the muon and electron are ignored

dσ

dΩ
=

[(
ℏcg2e
8πE

)2
1

2

(
1 + cos4 θ/2

sin4 θ/2

)]
(37)

They are not the same!
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